Introduction and Preliminaries
Let D be the open unit disk in the complex plane C, (D) the space of all holomorphic functions on D, and (D) the set of all holomorphic self-maps of D. For ∈ (D), the composition operator is a linear operator defined by = ∘ , ∈ (D) .
For a general reference on composition operator we refer to [1] . To understand the topological structures of spaces of composition operators, many people have studied difference of composition operators on different spaces of holomorphic functions; see, for example, and references therein. Recently, Zhu and Yang [26] characterized boundedness and compactness of the differences of two composition operators from weighted Bergman spaces to Bloch spaces. Motivated by these results, in this paper we compute essential norm of difference of composition operators from weighted Bergman spaces to Bloch-type spaces. Throughout this paper, constants are denoted by ; they are positive and not necessary the same in each occurrence. The notation ≲ means that is less than or equal to a constant times and ≳ means that is greater than or equal to a constant times . When ≲ and ≳ , then we write ≍ . For 0 < < ∞ and 0 < < ∞, the weighted Bergman space A is the space of all functions ∈ (D) such that
where ( ) is the normalized area measure on D. For any ∈ D, the following point-evaluation estimate holds:
The following equivalent norm in the weighted Bergman spaces is well-known. Let 0 < < ∞, ∈ N, and ∈ (D). Then ∈ A if and only if, for all ∈ N,
), and 
Moreover, by Lemma 2 in [26] , for any , ∈ D, there is a constant > 0 such that
for all ∈ A . For more about weighted Bergman spaces, we refer the reader to [27, 28] . Let be a positive continuous function on D, which we call a weight. A weight is called typical if it is radial; that is, ( ) = (| |), for each ∈ D and (| |), decreasingly converges to 0 as | | → 1. Throughout this paper by a weight, we shall mean a typical weight. For a weight , the weighted Bloch-type space B on D is a Banach space of all analytic functions on D such that
The space B is a Banach space with the norm
In particular, the space B 1−| | 2 is the classical Bloch space and we denote it by B.
Main Results
In this section, we compute upper and lower bounds for the essential norm of difference of composition operators mapping the weighted Bergman space into Bloch-type spaces.
Given Banach spaces and , we recall that the essential norm of a bounded linear map : → is defined as ‖ ‖ , → = {‖ − ‖ : : → is compact} ; (9) that is, the essential norm of an operator :
→ is the distance of from the set of all compact operators from to . Clearly, if : → is compact, then ‖ ‖ , → = 0. For ∈ D, let be the conformal automorphism of D that interchanges 0 and :
The pseudo-hyperbolic distance between and is given by
For , a typical weight, and , ∈ (D), let D and D be two functions defined as
Proof.
For each ∈ N, let , , be defined as
Now consider the following functions:
Then it is easy to see that , and ℎ , are norm bounded sequences in A . Moreover, both sequences ( , ) and (ℎ , ) converge to 0 uniformly on compact subsets of D. Let : A → B be any compact operator. Then
Again
Multiplying (18) by ( ( ), ( )) and then adding it to (19), we get
Similarly, by considering a sequence ( ) ∈N 
we can prove that
Combining (17) and (20) and using the fact that ‖ , ‖ B → 0 and ‖ ℎ , ‖ B → 0 as → ∞, we have
Combining (17) and (22) and using the fact that ‖ , ‖ B → 0 and ‖ ℎ , ‖ B → 0 as → ∞, we have
Again, let ( ) ∈N be a sequence in D such that | ( )| ∧ | ( )| → 1 as → ∞ and
Then from (18) we have
Using (20) and (26), we have
Combining (17) and (27) and using the fact that ‖ ‖ B → 0 and ‖ ℎ ‖ B → 0 as → ∞, we have
Combining (23), (24), and (28), we get the lower bound as
Let ( ) = ( /( + 1)) . Then ‖ ‖ ∞ < 1. Let
Then, we have the fact that : A → A is compact. Since
where is the identity operator on A . Let ∈ A be such that ‖ ‖ A ≤ 1. For any ∈ (0, 1), we can write
If | ( )| ∧ | ( )| ≤ , then we have
− ( + 1 ( )) + 1 + 1 ( + 1 ( )) . 
Similarly, we can show that
Since : A → B is bounded, where = or , so
By taking ( ) = in (36), we have
Combining (33), (34), and (37), we have
Using (35) with = (0) and = (0), we have
Combining (38) and (39), we have
as → ∞. Finally, we have
− + 1 ( + 1 ( )) . 
Combining (29) and (48), we get the desired result.
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